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Abstract: In this work, we study the possible existence of gravitational phase transition
from AdS to dS asymptotic geometries in Einstein-Gauss-Bonnet gravity by adding the
Maxwell one-form field (Aµ) and the Kalb-Ramond two-form field (Bµν) as impurity sub-
stitutions. The phase transitions proceed via the bubble nucleation of spherical thin-shells
described by different branches of the solutions which host a dS black hole in the interior
and asymptotic thermal AdS state in the exterior. We analyze the phase diagrams of the
free energy and temperature to demonstrate the existences of the phase transitions in the
grand canonical (fixed electrical potential) and the canonical (fixed charge) ensembles. The
phase transitions of having the one-form and two-form charges are possible in which the
critical temperature is lower than that of the neutral case. comparing results with exist-
ing literature, more importantly, our analyses show that the critical temperature and the
coupling λ of the phase transitions get decreased by adding more types of the charges.
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1 Introduction
The gravitational phase transition plays a crucial role in both black hole physics and cos-
mology. On the one hand, the Hawking-Page (HP) phase transition [1] is a well known
phase transition emerged between the thermal AdS and the AdS black hole. It occurs when
temperature reaches its critical value. Then the thermal AdS decays to the black hole
and becomes stable. Several types of black hole phase transitions provide rich phenomena
which lead to a better understanding of the laws of black hole thermodynamics and pro-
vide some hints of the quantum theory of gravity. Moreover, it has been shown that the
HP phase transition of the five-dimensional AdS spacetime can be related to the confine-
ment/deconfinement phases in the QCD theory [2, 3]. Therefore, according to the AdS/CFT
correspondence paradigm [4], a study of the phase transitions of the higher-dimensional AdS
black hole received a huge number of attentions. This is because one might expect to see
some interesting effects in the strongly interacting conformal field theory on the boundary
(physical real world) from the higher-dimensional gravitational theories in the AdS bulk
spacetime. On the other hand, in cosmology, the phase transition is also an very important
topic in order to understand the co-existence of different asymptotic vacua [5, 6]. This
phase transition may give rise to a possible non-zero vacuum expectation values of the
corresponding matter fields (e.g. scalar [7, 8] and p-form [9, 10] fields), contributing to the
vacuum energy density or the cosmological constant. There are several mechanisms which
were so far proposed to describe how the phase transition happen between different vacua
via bubble nucleation processes. This process is driven by the quantum mechanical tun-
nelling via the instanton [11, 12], or it is generated from the thermally triggered transition
[13–15].
Thermalon, the Euclidean sector of the thermally activated bubble nucleation [16–
18], is one of compelling mechanisms for mediating gravitational phase transition. More
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interestingly in higher-order theories of gravity, a number of recent studies have focused
on thermalon mediated phase transitions [19–23] in many cases of Lovelock gravity with a
vacuum solution. These types of phase transitions proceed through the nucleation of the
spherical thin-shell bubbles, so-called thermalon. It is worth noting here that the thermalon,
and the techniques associated to it was first introduced in Ref.[16]. This thin-shell stays
between two regions described by different branches of the solutions which host the black
hole in the interior. Additionally, the thermalon is a finite temperature instanton which
is considered as a thermodynamic phase and described an intermediate state. In a finite
time, when the thermalon forms, it is dynamically unstable and then expands to occupy
entire space. Hence this effectively changes the asymptotic structure of the spacetime.
Once the cosmological constant is fixed, it was shown in Refs.[19, 20, 22] that thermal AdS
space underwent a thermalon-mediated phase transition to an asymptotically dS black hole
geometry. This is a so-called the generalize HP (gravitational) phase transition which is
different from original HP phase transition for the fact that the thermal AdS vacuum decays
into a black hole belonging to a different (dS) branch solution.
In order to investigate the thermal AdS to dS black hole phase transition as done in
Refs.[21–23, 25] for the neutral model, we shall take a short overview of the mechanisms of
the gravitational phase transition in the literature. The initial thermal AdS (outer geome-
try) will decay and transit to the black hole inside the dS spacetime (inner geometry) via
the thermalon mediation. After the thermalon or the bubble (thin-shell) in the Euclidean
sector is formed, it will expand eventually reaching the cosmological horizon entirely. At
the end, the boundary of a whole spacetime is changed from AdS to dS geometries, i.e.,
the cosmological constant changes sign from negative to positive values. Therefore, the
observer inside the cosmological horizon can measure the thermodynamics quantities of the
dS spacetime. One may conclude that the thermalon changes the solutions from one branch
to another via the phase transition. More importantly, it has been shown that an reversible
process for AdS to dS phase transition does not occur, see more detail discussions in Refs.
[22, 23, 25, 26]. For example, a so-called re-entrant phase transition process in the study of
black hole thermodynamics [27, 28] is not possible.
So far, a study of gravitational AdS to dS phase transition mediated by thermalon has
been done in the neutral case in various aspects [21–23, 25, 26]. However, these references
are considered in the vacuum solution of the Einstein-Gauss-Bonnet gravity. There is a
conclusion Ref.[22] that the phase transition of the asymptotically AdS to dS geometries
is a generic profile of the higher order gravitational theories without introducing any kind
of the matter fields. Nevertheless, it is also speculated that an inclusion of the matter
fields in the theory might be useful to embed this model in the string theory. Recently,
the phase transition with with the Maxwell field with the fixed charged ensemble is studied
in detail Ref.[29] where the Maxwell or one-form field is the simplest form of the vector
gauge field. The results of this study have shown the presence of the Maxwell or static
charge decreasing the maximum temperature of the thermalon mediated phase transition
and behaving like the impurity substitution in condensed matter physics. Therefore, it is
worth for further investigating the phase transition by adding higher p-form fields in the
model. More importantly, this has not been studied yet in the literature.
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The main purpose of this work is to investigate the phase transition profile of this
scenario by considering the the Maxwell U(1) one-form field (Aµ) and an additional higher
p-form field with U(1) gauge group. We then choose the Kalb-Ramond (KR) anti-symmetric
two-form field (Bµν) which is the simplest extension for including the existing fields in the
string theory. The KR field is the higher U(1) gauge field generalized the electromagnetic
field from particles to strings [30]. This is good starting point to make this model embedding
and getting closer to the string theory. In addition, studies of the higher rank tensor fields
have been made shown its relation with the AdS/CFT conjecture [31]. Furthermore, string
theory reveals the naturalness of higher rank tensor fields in its spectrum [32].
The content of the paper is organized as follows. In section 2, we recap basics of
Lovelock gravity with the Maxwell and KR fields. Particularly, we focus on a special
case of Lovelock gravity in which the action is reduced to five-dimensional Einstein-Gauss-
Bonnet gravity with the Maxwell and the KR fields called EGBMKR that are the starting
point for the computations of the present work and construct a junction condition of the
proposed model. In this section, we also derive the effective potential of the thermalon
EGB gravity and examine the thermalon solutions as well as the stability and dynamics of
the thermalon. In section 3, we study the gravitational phase transition and the relevant
thermodynamic quantities in EGBMKR gravity with KR field. Here we examine how the
free energy and temperature depend on the coupling indicating the possibility of thermalon
mediated phase transition. We conclude our findings in the last section.
2 Formalism
2.1 The Einstein-Gauss-Bonnet gravity with Maxwell and Kalb-Ramond fields
In this work, we recall the Einstein-Gauss-Bonnet gravity with the presence of the Maxwell
and the KR fields (EGBMKR) at d = 5 which is reduced from the Lovelock gravity at
K = 2 [21, 23, 33, 34]. The total action of the EGBMKR with its boundary term reads,
I =
∫
M
d5x
√−g
[
− εΛ 12
L2
+R+
λL2
2
(
R2 − 4RabRab +RabcdRabcd
)]
−
∫
M
d5x
√−g 1
4
[
FabFab + 1
12
HabcHabc
]
−
∫
∂M
d4x
√−h
[
K + λL2
{
J − 2
(
RAB − 1
2
hABR
)
KAB
}]
, (2.1)
where J ≡ hAB JAB is the trace of JAB which is constructed from KAB as [35]
JAB =
1
3
(
2KKAC K
C
B +KCDK
CDKAB − 2KAC KCDKDB −K2KAB
)
, (2.2)
and RAB is the Ricci tensor (intrinsic curvature) of the hypersurface, Σ . The spacetime
indices of the bulk (d = 5) and hypersurface (d = 4) are represented by small and captital
Latin alphabets, respectively e.g., a, b, c, · · · = 0, 1, 2, 3, 5 and A, B, C, · · · = 0, 1, 2, 3 .
More importantly, we note that the coefficients of the Lovelock theory for the Einstein-
Gauss-Bonnet gravity case are given by
c0 =
1
L2
, c1 = 1 , c2 = λL
2 . (2.3)
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Since we have identified the cosmological constant (Λ) as
Λ = εΛ
6
L2
, (2.4)
where εΛ = ± 1 is the sign of the bare cosmological constant and we use the εΛ = + 1
(de-Sitter) of the bare cosmological constant in this work. In addition, the normalization
of the gravitational constant such that 16piGN (d− 3)! = 1 is implied as in Refs.[22, 23, 25].
The standard definition of the Maxwell field in the five-dimensional spherical symmetric
spacetime and its equation of motions in the vacuum are given by
Fab = 1
2
(∂aAb − ∂bAa) , Aa =
(
QA
r2
, 0 , 0 , 0 , 0
)
,
∂a
(√−gFab) = 0 , abcde ∂a (√−gFde) = 0 , (2.5)
whereAa is the vector potential one-form. The field strength tensor F in terms of differential
form is given by,
F = QA
r3
dt ∧ dr , (2.6)
where QA is the Maxwell electric one-form charge.
On the other hand, the KR field and relevant equations of motion are defined by [36–38],
Habc = 1
3
(∂aBbc − ∂bBca − ∂cBab) ,
∂a
(√−gHabc) = 0 , abcde ∂a (√−gHcde) = 0 . (2.7)
We will use the following ansatz for the dual transformation property [36] of the Kalb-
Ramond field in 5-dimension as [37–39]
Habc = 1
2
abcde Bde . (2.8)
According to the ansatz in Eq.(2.8), we find,
HabcHabc = 12Bab Bab (2.9)
and using its equations of motions in Eq.(2.7). These give the property of the Bab and the
solution of Ba field as
Bab = 1
2
(∂aBb − ∂bBa) , Ba =
(
QB
r2
, 0 , 0 , 0 , 0
)
. (2.10)
The field strength tensor B is also written in terms of differential form as the F field by,
B = QB
r3
dt ∧ dr , (2.11)
where QB is the KR two-form charge. We note that the KR strength field has the same
properties and solution as the Maxwell gauge field under dual transformations and in five-
dimensional spacetime.
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Next, we continuously construct the spherically symmetric solution of the EGBM the-
ory with the KR filed. The line element of is written in the following form,
ds2 = − f(r) dt2 + dr
2
f(r)
+ r2 dΩ2(σ), 3 , (2.12)
where dΩ2(σ), 3 is the line element of the 3-dimensional surface of the constant curvature and
it is defined by,
dΩ2(σ), 3 =

dθ2 + sin2 θ dχ2 + sin2 θ sin2 χdφ2 : σ = 1 ,
dθ2 + dχ2 + dφ2 : σ = 0 ,
dθ2 + sinh2 θ dχ2 + sinh2 θ sinh2 χdφ2 : σ = −1 ,
(2.13)
Using the explicit forms of the Maxwell and KR strength tensors in Eqs.(2.6) and (2.11), the
solution of the EGBMKR gravity is written in the simple form by introducing the following
polynomial as
Υ[g] =
K=2∑
k=0
ck g
k = − 1
L2
+ g + λL2 g2 =
M
r4
− Q
2
A
r6
− Q
2
B
r6
, (2.14)
where the g(r) function is related to the metric tensor function f(r) in Eq.(2.12) via,
g ≡ g(r) = σ − f(r)
r2
. (2.15)
The parameters M, QA and QB are related to the black hole ADM mass (M) and the
electric (QA) and the KR (QB) charges via,
M = M
8pi
, Q2X =
Q2X
6
, X = A , B . (2.16)
The detail derivation of the Υ solution can be found in Refs. [33, 34, 40, 41]. According to
the the polynomial in Eq.(2.14), one finds the solutions of g from the above equation as
g± ≡ g±(r) = − 1
2λL2
1±
√√√√1 + 4λ[1 + L2(M±
r4
− Q
2
A±
r6
− Q
2
B±
r6
)] . (2.17)
Therefore, the solutions of the line elements for inner and outer manifolds in Eq. (2.15) are
given by
f± ≡ f±(r) = σ + r
2
2λL2
1±
√√√√1 + 4λ[1 + L2(M±
r4
− Q
2
A± +Q2B±
r6
)] . (2.18)
The above solutions of the EMGB gravity with KR field are similar to the dyonic Einstein-
Gauss-Bonnet solutions in string theory which are composed of the electric and magnetic
charges [42–46]. In addition, we note that there are two branches of the spherical symmetric
solutions of the EGBM theory with KR fields. In addition, the effective cosmological
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constants of these branch solutions are obtained by setting, M = QA = QB = 0 in
Eq.(2.18). They read,
f±(r) = σ − Λeff± r2 ,
Λeff± = −
(
1±√1 + 4λ
2λL2
)
. (2.19)
More importantly, we find that only the minus branch f−(r) allows the black hole solution
as well as recovering the Einstein theory for λ → ∞. In contrast to the plus branch
f+(r), according to Eq.(2.19),this branch of the solution suffers from the Boulware-Deser
(BD) ghost instability and the effective cosmological constant of this branch diverges in
the λ → ∞ limit which is unphysical. Moreover, the effective cosmological constants
of the plus and minus branches in Eq.(2.19) explicitly give negative and positive values,
respectively which mean the f+(r) and f−(r) solutions corresponding to AdS and dS spaces.
We therefore call f+(r) and f−(r) braches as the outer and inner manifold in the latter when
we will consider and study the gravitational phase transition between two branches solution
of the theory.
2.2 Junction condition: thermalon dynamics and its stability
In this section, our main purpose is to study the dynamics of unstable bubble thin shell
(thermalon) of the EGBMKR gravity which leads to the AdS to dS gravitational phase
transition. We then divide the manifold of the spacetime into two regions and the timelike
surface of the manifold is considered in this work. The manifold is divided as M = M− ∪
(Σ × ξ) ∪M+ where Σ is the junction hypersurface of two regions of the manifolds and
the parameter ξ ∈ [0, 1] is used to interpolate both regions. The M+ and M− are outer
and inner regions of the manifolds, respectively. The metric tensor, f±(r) are also used to
describe geometries of the outer and inner manifolds which are given by Eq.(2.18). One
writes two different line elements of the spacetimes that is used to describe AdS outer (+)
and dS inner (−) spacetime as
ds2± = −f±(r±) dt2± +
dr2±
f±(r±)
+ r2± dΩ
2
(σ), 3 , (2.20)
again ± correspond to outer and inner spacetimes respectively. In the latter, we will focus
our study in five-dimensional spacetime. Next we are going to construct a manifold M by
matching M± at their boundaries. The boundary of the hypersurfaces ∂M± is given by
∂M± :=
{
r± = a|f± > 0
}
(2.21)
with parameterizations of the coordinates
r± = a(τ) , t± = t˜±(τ) , (2.22)
where τ is comoving time of the induced line elements of the hypersurface (Σ) which takes
the same form in both of two manifolds M± at the boundaries, it reads,
ds2Σ = −dτ2 + a2(τ) dΩ2(σ), 3 . (2.23)
– 6 –
One obtains the following constraint,
1 = f±(a)
(
∂ t˜±
∂τ
)2
− 1
f±(a)
(
∂a
∂τ
)2
. (2.24)
It has been shown in detail in Refs [23, 24] that the continuity of the junction condition
across the hypersurface in electro-the vacuum case is written in terms of the canonical
momenta, pi±AB as
pi+AB − pi−AB = 0 . (2.25)
We note that the canonical momentum, piAB is derived by varying the gravitational action
of the boundary with respect to the induced metric, hab on the hypersurface, Σ i.e. [23, 24],
δI∂M = −
∫
∂M
d4xpiAB δh
AB . (2.26)
Refs. [23, 24] have demonstrated the diagonal components of the pi±ab have some relation
between time and spatial parts via the following constraint,
d
d τ
(
a3 pi±ττ
)
= 3 a2 a˙ pi±ϕiϕi , ϕi = ϕ1 , ϕ2 , ϕ3 = θ , χ , φ . (2.27)
Moreover, the co-moving time component of the pi±ab can be written in the following compact
form [22–24],
Π± = pi±ττ =
√
a˙2 + f±(r)
a
∫ 1
0
dξΥ′
[
σ − ξ2f±(a) + (1− ξ2) a˙2
a2
]
=
∫ √H−g+
√
H−g−
dxΥ′
[
H − x2] , (2.28)
where Υ′[x] = dΥ[x]/dx and H = (1 + a˙2)/a2 . Furthermore, new variables, Π˜ is defined
by Π˜ = Π+ − Π− . Then the junction conditions of the continuity across hypersurface are
given by,
Π˜ = 0 =
dΠ˜
dτ
. (2.29)
From now on, we will work on the Euclidean signature, i.e. t → i t for studying the
thermalon which is the Euclidean sector of the spherical bubble thin-shell. This gives
a˙2 → −a˙2 and a¨ → −a¨ .
The junction condition of the EGBMKR gravity in Eq. (2.25) is implied that
Π˜ = Π+ −Π− = 0 =⇒ Π2+ = Π2− . (2.30)
Using the results of the Π± in Eq. (2.28) and the metric tensor f±(a) in Eq.(2.18) in the
junction condition above, we find
a˙2 +
a6
12λL2
(
g+
(
2 g+ λL
2 + 3
)2 − g− (2 g− λL2 + 3)2)
(M+ −M−)−
(Q2+ −Q2−) /ad−3 + 1 = 0 , (2.31)
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where we have defined the effective charge, Q2, as
Q2± ≡ Q2A,± +Q2B,± . (2.32)
Furthermore, we can rewrite the junction condition in terms of kinetic and effective potential
energies as
Π2+ = Π
2
− ⇐⇒
1
2
a˙2 + V (a) = 0 . (2.33)
Then the effective potential V (a) of the junction condition equation is given by
V (a) =
a6
24λL2
[
(M+ −M−)−
(Q2+ −Q2−) /a2]
×
[
(1 + 4λ) g + 4
(
2 + gλL2
)(M
a4
− Q
2
a6
)]∣∣∣∣∣
+
−
+
1
2
, (2.34)
where the symbol
[O]∣∣+− is defined by[O]∣∣+− ≡ O+ −O− . (2.35)
Moreover, we continue to evaluate the derivative of the effective potential, V ′(a) and it
reads,
V ′(a) =
a5
24λL2
(M+ −M− − (Q2+ −Q2−) /a2)
×
[
6 (1 + 4λ) g + 12
M
ad−1
+ 2
(
3 + 6λL2g
) Q2
a2(d−2)
]∣∣∣∣∣
+
−
− 2 a
3
(Q2+ −Q2−)
24λL2
(M+ −M− − (Q2+ −Q2−) /a2)2
×
[
(1 + 4λ) g + 4
(
2 + λL2g
)(M
a4
− Q
2
a6
)] ∣∣∣∣∣
+
−
. (2.36)
In order to derive the effective potential V (a), we have used the following identities to
reduce the power of the g± and expressing the linear power of g± ,
g3± =
g±
λL2
(M±
a4
− Q
2±
a6
− g± + 1
L2
)
, g2± =
1
λL2
(M±
a4
− Q
2±
a6
− g± + 1
L2
)
. (2.37)
In addition, the following identities have been used for deriving the derivative of the effective
potential, V ′(a) ,
g′ = − 2
Υ′[g]
(
2M
a5
− 3Q
2
a7
)
, Υ′[g] = 1 + 2λL2 g . (2.38)
We note here that the wormhole solution in EGB gravity with Maxwell field has been stud-
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Figure 1. The figure displays the shapes of the effective potential of thermalon in values of the
charges QA and QB with λ = 0.05, a? = 1 and L = 1, d = 5 and σ = 1.
ied in Ref.[50] considering the static electric charge (Q), i.e., Q+ = −Q− . This condition
is hold since the radial direction in one of the asymptotic regions is opposite to the other.
However, in our case, there is no charge at the boundary (bubble) and the continuity of
both Maxwell (QA) and KR (QB) charges acrossing the hypersurface are governed by
QA = QA,+ = QA,− , QB = QB,+ = QB,− . (2.39)
Before we continue to study the stability of the thermalon potential. It is worth to discuss
the effect of the presences of the Maxwell and KR fields on the thermalon effective potential
displaying in figure 1. The effective potential of the thermalon with the Maxwell field has
been studied in Ref.[29] and it has been also demonstrated that the inclusion of the static
charge (QA) does not change the shape of the effective potential except the existences of the
potential. Increasing of the static charge makes the existences of the potential closer to the
thermalon position as shown in figure 1. More importantly, the addition of the KR charge
QB further shortens the existence of the effective potential even closer than the presence of
the electric (Maxwell) charge (QA) only.
Next we study the stability of the thermalon by considering the linear perturbation
(first order) of the effective potential. We note that the thermalon effective potential with
QA and QB is similar to the effective potential in Ref.[29] by replacing Q2 → Q2A + Q2B.
According to stability analysis of the previous work, the appearances of the charge do not
affect the shape of the effective potential of thermalon.
We close this section with finding the thermalon solutions that useful to study the grav-
itational phase transition in the latter. We firstly consider the solutions of the thermalon
configuration by imposing V (a?) = 0 = V ′(a?) . Solving those two equations, one obtains
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the solutions ofM± in terms of g?±, a?, λ, L and Q as,
M+(g?±, a?, λ, L2, Q2) ≡ M?+
=
1
4λL2 a2?
[
(1 + 4λ) a4?
[ (
3 + 2λL2 g?−
)
a2? + 6λL
2
]
+ 4
(
3 + λL2 g?−
)
λL2Q2 + 12λ2 L4Q2/ a2?
]
, (2.40)
M−(g?±, a?, λ, L2, Q2) ≡ M?−
=
1
4λL2 a2?
[
(1 + 4λ) a4?
[ (
3 + 2λL2 g?+
)
a2? + 6λL
2
]
+ 4
(
3 + λL2 g?+
)
λL2Q2 + 12λ2 L4Q2/ a2?
]
, (2.41)
Here we used g?± ≡ g±(a?) . Then, we will find the solution of the functions g?± = g±(a?) in
terms of a?, λ, L, d and Q via the Υ[g±] =M?±/a4? −Q2/a6? equations. One finds
− 1
L2
+ g?+ + λL
2 (g?+)
2 = C1 g?− + C2 , (2.42)
− 1
L2
+ g?− + λL
2 (g?−)
2 = C1 g?+ + C2 , (2.43)
where the coefficients C1,2 are given by
C1 = 2λL
2Q2/a4? + a2? (1 + 4λ)
2 a2?
, (2.44)
C2 =
3 (1 + 4λ)
(
a2? + 2λL
2 σ
)
+ 4λL2Q2 (2 a2? + 3λL2 σ) /a6?
4λL2 a2?
. (2.45)
Solving above two equations simultaneously, we obtain the solutions of g?± as
g?+ = −
(1 + C1) +
√
1 + 4λ− 2 C1 − 3 C21 + 4 C2 λL2
2λL2
, (2.46)
g?− = −
(1 + C1)−
√
1 + 4λ− 2 C1 − 3 C21 + 4 C2 λL2
2λL4
. (2.47)
We note that g?− has a good behavior (stable) for λ → 0 while g?+ gives infinite value
(unstable) for λ → 0 . In addition, we need to study the phase transition between two
manifolds of the spacetime, i.e., AdS (outer, +) to dS (inner, −) then the condition g?+ 6= g?−
is necessary.
3 AdS to dS phase transition
In the present work, there are two different vacua in the model. Specifically, the initial
state is thermal anti-de Sitter (AdS) space, while the final one is black hole in de Sitter
(dS) spaces. The exterior thermal AdS is initially in the false vacuum state or metastable
state and then it decays into black hole inside the interior dS space (true vacuum) via
quantum tunneling or jumping across the wall of the quasi particle state in the Euclidean
sector called the thermalon. In this work, the decay mechanism proceeds through nucleation
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of the bubbles or the thermalon of true vacuum (dS) inside the false vacuum (thermal AdS).
By using the Lovelock theory of gravity, in particular the Einstein-Gauss-Bonnet gravity,
the study of this process has been proposed in Refs.[21, 23], and it was shown that the
thermalon effectively jumped from AdS to dS branch solutions with P ∝ e−IE where P and
IE being the probability of the decay and the Euclidean action of the difference between
initial thermal AdS and the thermalon (bubble state), respectively. This implies that the
system with the initial asymptotically AdS geometry will end up in the stable dS black
hole after the thermalon expansion filling a whole universe in a finite time and eventually
changing asymptotic space to dS geometry with new value of the cosmological constant.
The main purpose of this section is to quantify the relevant thermodynamical quantities of
the theory and study the possibilities of the AdS to dS gravitational phase transition in the
EGBMKR gravity.
In general, the gravitational phase transition of the charge black hole in the AdS back-
ground has been studied in detail by Refs [47, 48]. At fixed temperature, this implies that
the inclusion of the charge leads us to define the grand canonical ensemble by fixed electric
potential, Φ or canonical ensemble by fixed charge, Q to describe the thermodynamical
system. In the pure thermal AdS, this background consists of charged quanta and it is free
to fluctuate during the process. On one hand, this seems to violate the charge conservation
however this can be done by fixing electrical potential, Φ at infinity with respect to the
event horizon. We therefore obtain the equation of the grand canonical ensemble to study
the thermal properties of this scenario. On the other hand, in the fixed charged case, one
can localize all of the charge at a particular region and keep it fixed. Then the canonical
ensemble is used to study the free energy in the fixed charged case.
To study the occurrence of the thermalon mediated the AdS to dS phase transition, in
the latter, we will consider the free energy of the system in two cases, i.e. for the grand
canonical ensemble (fixed electric potential) and the canonical ensemble (fixed charge).
3.1 The grand canonical ensemble (fixed electric potential)
Before we move forward to calculate the the relevant thermodynamical quantities that use
to study the phase transition. We would like to address the event horizon of the dS charge
black hole of the interior spacetime. We do this to ensure that the event horizon must
locating inside the thermalon radius and the cosmological horizon. More importantly, the
radius of the black hole will be used to relate the relevant parameters of the outside and
inside spacetimes in order to investigate the phase transitions.
In the grand canonical ensemble, the charged black hole inside dS geometry is able to
create and annihilate charged particles by keeping the electrical potential Φ fixed until the
thermal equilibrium is reached. The electrical potential in d-dimension for Maxwell (QA)
and KR (QB) charges are given by
ΦA =
√
d− 2
2(d− 3)
QA
rd−3B
, ΦB =
√
d− 2
2(d− 3)
QB
rd−3B
, (3.1)
where rB is black hole radius. To find the black hole radius or the event horizon of the dS
black hole (rB) and the cosmological horizon of the dS spacetime, one solves for f(rH) = 0
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in the function of the black hole mass inside the interior manifold (M?−) as,
f−(rH) = 0 , ⇒ g−(rH) = 1
r2BH
, (3.2)
where rH is the radius of the existent horizons of the spacetime. The above equation gives
Υ−
[
1
r2H
]
=
M?−
r4H
− Q
2
r6H
, (3.3)
where the expression of theM?− ≡M?−(g?±, a?, λ, L2, Q2) is given by Eq.(2.41) and Q2 ≡
Q2A +Q2B. Replacing the charges QA,B by the electrical potentials ΦA,B from Eq.(3.1) into
Eq.(3.3), the (de-Sitter branch, inner spacetime) horizons, rH can be obtained from the
following equation
r4H − L2
(
1 +
4
3
Φ2
)
r2H + L
2
(M?− − λL2) r2H = 0 , (3.4)
where the effective electrical potential,Φ is defined by
Φ2 ≡ Φ2A + Φ2B . (3.5)
In the present work with the fixed potential case, we limit our study for the non-extremal
black hole. We therefore solve the Eq.(3.4) and the radius of the black hole (rB) and
cosmological (rC) horizons are given by,
rB =
L√
6
((
4 Φ2 + 3
)−√(36λ+ (4 Φ2 + 3)2)− 36M?−
L2
) 1
2
, (3.6)
rC =
L√
6
((
4 Φ2 + 3
)
+
√(
36λ+ (4 Φ2 + 3)2
)
− 36M
?−
L2
) 1
2
. (3.7)
Note that the solutions of the black hole and cosmological radii have a similar behavior as
the neutral case because of Eq.(3.4) takes the same form as the neutral one with additional
Φ2 term. The locations of the event horizon, the thermalon radius and the the cosmological
horizon have been demonstrated and confirmed as rB < a? < rC [25]. We therefore no
need to depict the plot of the mentioned results here.
In addition, one can find the relation between the thermalon radius and black hole
in dS interior spacetime as well as other related quantitites in Eqs.(2.40,2.41,2.46,2.47)
shown earlier. These relations provide us the choice to write down the thermodynamical
equations in terms of a? and rB and we will choose to study all quantities as the function
of the thermalon radius, a?.
Having used the on-shell regularization method by subtracting the thermal AdS space
background as argued in Refs.[22, 23, 25] for the neutral model in order to calculate the
free energy. In the presence of the charges, we keep the electrical potentials ΦA,B fixed as
discussed earlier. This leads to free energy of the thermalon in the grand canonical ensemble
with the fixed electrical potential. It reads,
F =M+ − T+ S −QA ΦA −QB ΦB , (3.8)
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where T+ = 1/β+ is the Hawking temperature. As shown in above equation, bothM+ and
T+ are the quantities corresponding to the exterior observer. Different from the computation
of the HP effect in GR, here we have considered the contribution from the thermalon when
writing the total Euclidean action [21, 23]. This means the thermalon contributes the mass
difference between the two branch solutions (M±) but does not contribute to the entropy.
In addition, there is no charge on thermolon and the entropy comes from the black hole
inside the interior spacetime only. In the following, the free energy of the thermalon is
compared to the thermal AdS space where the thermal AdS space is set to zero (FAdS = 0)
because it was considered to be the background subtraction [22, 23, 25, 26]. By using four
conditions, there are two equations V (a?) = 0 = V ′(a?) from the configurations of the
thermalon, Hawking temperature condition to avoid canonical singularity at the horizon,
T = f ′(rB)/4pi and the matching temperature of the thermal circle at the thermalon
configuration β+
√
f+(a?) = β−
√
f−(a?). This leads to only free parameters and we choose
T+ = 1/β+ . However, the appearances of the Maxwell and KR charges in this work give
extra two free parameters i.e. QA and QB . The Hawking temperature, T+ of the outer
space observer is related to the inner space observer by
T+ =
√
f+(a?)
f−(a?)
T− , (3.9)
where the T− is the Hawking temperature of the inner dS black hole in EMGB gravity. In
five-dimensional spacetime and the spherical spatial geometry σ = 1, the T− is given by
[52],
T− =
1
4pi rB
∑2
k=0 k ck
(
1
r2B
)k−1
[
2∑
k=0
(4− 2k) ck
(
1
r2B
)k−1
− 8
3
Φ2
]
, (3.10)
We observed that there is a bound of the electrical potential, Φ which makes the positive
values of the temperature T−, i.e.
Φ ≤
√√√√3
8
(
2∑
k=0
(4− 2k) ck
(
1
r2B
)k−1)
. (3.11)
The entropy S is given by [52],
S = 4pi
2∑
k=0
k ck
5− 2 k
(
1
r2B
)k−1
. (3.12)
Note that the entropy of the charged black hole has the same form as the neutral black
hole [22, 23, 25]. In addition, the mass parameter M?− is given by Eq.(2.40). Using the
outer event horizon in Eq.(3.14) and substituted into Eqs.(2.40,3.23,3.25), we obtain all
basic ingredients of the thermodynamics quantities as function of thermalon radius and we
are ready to study the thermalon properties and the gravitational phase transitions in the
thermodynamics phase space. The free energy is a crucial quantity for investigating the
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Figure 2. The figure displays free energy F of the thermalon configuration as a function of the
temperature T = β−1+ for several values of the coupling λ. We have used L = 1 and fixed electircal
potential Φ ≡√Φ2A + Φ2B = 0.15. From right to left: λ = 0.05 (orange), λ = 0.10 (pink), λ = 0.25
(blue), λ = 0.65 (green) and λ = 1.20 (red). The black dots at the end of each plots represent the
maximum temperature of the thermalon. All curves correspond to a physical solution Π+ = Π−
due to the junction condition of thermalon.
phase transition. As discussed earlier, we compare the free energy of the thermalon with
respect to the free energy of the background subtraction and we set it equal to zero, FAdS =
0. This indicates that the sign of the thermalon free energy in Eq.(3.8) corresponding to the
phase transition. The plot in figure 2 shows the free energy of the thermalon configuration
as the function of the temperature T+, measured by an exterior observer for several values
of the coupling λ with the fixed value of the effective electrical potential Φ ≡
√
Φ2A + Φ
2
B.
We have used L = 1 and Φ = 0.15. From right to left: λ = 0.05 (orange), λ = 0.10 (pink),
λ = 0.25 (blue), λ = 0.65 (green) and λ = 1.20 (red). All curves in the plot are corresponded
to the physical solution at Π+ = Π− of the V (a?) = 0 = V ′(a?) conditions [25]. The free
energy monotonically decreases with increasing temperature when the free energy changes
sign from positive to negative implying that the phase transition takes place. We can
interpret that the thermalon jumps to the dS branch solution and changes the boundary
from AdS to dS asymptotics resulting the discontinuity of the free energy F at the maximum
temperature of the physical branch solutions. The behavior of the phase transition occurring
in Figure 2 corresponds to a zeroth-order phase transition [22, 26]. Additionally, we observe
that the range of temperatures over which these transitions emerge increases as the coupling
λ is given smaller with a small charge required. Moreover, thermalon mediated phase
transitions are possible over a wide range of temperature for smaller values of the coupling
λ. However, for the given effective electrical potential value Φ = 0.15 in figure 2, the phase
transition is not possible for the coupling λ & 0.65 see green and red lines where the end
point of the free energy occur for F ≥ 0.
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3.2 The canonical ensemble (fixed charge)
It has done previously in the last section for estimating the relevant horizons in the model.
Next we therefore evaluate the horizons of the dS charged black hole inside the interior dS
spacetime. In the fixed charged case, the horizons can be solved f(rH) = 0 in the function
As shown previously, the (de-Sitter branch, inner spacetime) horizons, rH can be obtained
from the following equation
r6H − L2 r4H + L2
(M?− − λL2) r2H − L2Q2 = 0 . (3.13)
It has been demonstrated how to solve above equation in Ref.[29], the solutions of Eq.(3.13)
for the horizons of the interior spacetime are given by,
r2H,1 = −
a
3
+
2
√− p√
3
sin
[
1
3
arcsin
(
3
√
3 q
2 (
√− p)3
)]
, (3.14)
r2H,2 = −
a
3
− 2
√− p√
3
sin
[
1
3
arcsin
(
3
√
3 q
2 (
√− p)3
)
+
pi
3
]
, (3.15)
r2H,3 = −
a
3
+
2
√− p√
3
cos
[
1
3
arcsin
(
3
√
3 q
2 (
√− p)3
)
+
pi
6
]
, (3.16)
where
q =
2 a3
3
− a b
3
+ c , p = b− a
2
3
, a = −L2 , b = (M∗− − λL2) , c = −L2Q2 .(3.17)
More importantly, the real positive values of rH in Eqs.(3.14,3.15,3.16) must satisfy the
following conditions,
∆ =
q2
4
+
p3
27
< 0 . (3.18)
In addition, a critical charge, Qc is determined by setting ∆ = 0 and it reads,
∣∣Qc∣∣ = L2
3
√
3
(
−2 + 9
L2
(M?− − λL2)+ 2 [1− 3L2 (M?− − λL2)
] 3
2
) 1
2
, (3.19)
with
λ ≥ M
?−
L2
− 1
3
. (3.20)
Normally, the charge black hole becomes the extremal one when its charge equal to the
critical value. Moreover, Refs.[47, 48] have shown in the HP phase transition that one can
use the extremal black hole as the background subtraction of the Euclidean action in the
fixed charge case. According to the radius solutions in Eqs.(3.14,3.15,3.16), there are three
types of the horizons as inner, black hole and cosmological horizons. Types of horizons
depend on the ranges of the mass and charge parameters [49, 51]. One may identify the
radius of the outer, inner event and cosmological horizons as,
r2B,out = r
2
H,1 , r
2
B,in = r
2
H,2 , r
2
C = r
2
H,3 . (3.21)
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As done in the fixed electircal potential, the thermalon position should locate between the
event horizon and the cosmological horizon, rB,in < rB,out < a? < rC . We note that
the analysis of the thermalon’s location is the same for the EMGB gravity by replacing
Q2 → Q2A +Q2B and it is done by Ref.[29] in detail. We therefore do not repeat the results
here.
Contrary to the neutral and fixed electrical potential cases, it has been proven in
Refs.[47, 48] that we can not use the AdS background subtraction for the fixed charged
ensemble. Since, AdS background with a localized charge is not a solution of the field
equation of the AdS charge black holes. Therefore, we use the extremal black hole solution
as the background subtraction instead, and retain only neutral quanta in the heat baht, in
order to keep the charge fixed. Together with an additional subtraction from the action
at the boundary of the field strength, this leads to the canonical ensemble with the fixed
charge of the system. the thermalon configuration [47, 48]. We employ this result and
adapt to our work for the thermalon in the EGBMKR gravity and it reads,
F =M+ − T+ S , (3.22)
where T+ = 1/β+ is the Hawking temperature. In the latter, the free energy of the ther-
malon is compared to the extremal charged AdS black hole [47, 48] where it is set to zero
(Fextreme = 0). Since, it is used as the background subtraction of the action.
Next we prepare all related quantities which will be used to study the gravitational
phase transition for the fixed charge. Having used the same matching conditions in the the
former, the Hawking temperature measured from the exterior, T+ is given by
T+ =
√
f+(a?)
f−(a?)
T− , (3.23)
where the T− is the Hawking temperature of the interior dS black hole and it is determined
with d = 5 and σ = 1 by [52],
T− =
1
4pi rB
∑2
k=0 k ck
(
1
r2B
)k−1
[
2∑
k=0
(4− 2k) ck
(
1
r2B
)k−1
− 2Q
2
r4B
]
. (3.24)
The entropy S is given by [52],
S = 4pi
2∑
k=0
k ck
5− 2 k
(
1
r2B
)k−1
. (3.25)
In addition, the mass parameter M?− is given by Eq.(2.40). Having used the outer event
horizon in Eq.(3.14) and substituted into Eqs.(2.40,3.23,3.25), we will study the gravita-
tional phase transitions of the thermalon in the fixed charged case as done in the fixed
potential case. As shown in the plot of figure 3, in this second case we have used the
same set of the parameters as used in the previous subsection except the effective charge
Q ≡
√
Q2A +Q2B. We notice that the free energy profiles for canonical ensemble (fixed-
charge case) are very similar to those of the grand canonical ensembles (fixed potential case).
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Figure 3. The figure displays free energy F of the thermalon configuration as a function of the
temperature T = β−1+ for several values of the coupling λ. We have used L = 1 and fixed charge
Q ≡ √Q2A +Q2B = 0.15. From right to left: λ = 0.05 (orange), λ = 0.10 (pink), λ = 0.25 (blue),
λ = 0.65 (green) and λ = 1.20 (red). The black dots at the end of each plots represent the maximum
temperature of the thermalon. All plots correspond to a physical solution Π+ = Π− due to the
junction condition of thermalon.
However, having compared to the fixed potential case, we observe that the free energy of
the canonical ensembles is getting higher at T+ = 0, while the maximum temperatures are
almost the same values.
It is worth comparing the results present in this work to the previous one in Ref.[29]
for the fixed charged case. Due to inclusion of the additional type of charges, however, the
more we add multiple types of the charges, the less possibility we find the phase transition
to occur. This phenomenon is analogy to the physical effect in the condensed matter physics
as an impurity substitution. For instance, increasing the size of the impurity in a fixed-size
host superconductor with a small concentration gives decreasing critical temperature of the
host superconductor in the conventional superconductivity [53, 54].
4 Conclusion
In this work, the toy model of the AdS to dS phase transition in higher-order gravity is
considered. It was proposed that the thermalon, the Euclidean spherical bubble thin-shell,
changes sign of the effective cosmological constant from the negative value (AdS branch
solution) to the positive one (dS branch solution) via the thermal phase transition. This
is a so-called the generalization of the Hawking-Page phase transition. Moreover, it is a
generic phase transition in higher-order gravity without introducing matter fields. We then
investigated the AdS to dS phase transition by adding the Maxwell one-form and the KR
two-form fields and analyzed the profile of the phase transition in this framework. Having
used the dual transformation in five dimensions, in addition, the KR field can be represented
as an additional static charge in this scenario. The junction condition in the model is also
– 17 –
constructed. In terms of two static charges, the Maxwell and KR fields do not change
the dynamics and stability of the thermalon effective potential except the existences of the
effective potential.
We have studied the phase transitions of the model in two cases, i.e., the gran canonical
ensemble (fixed potential) and the canonical ensemble (fixed charge). In both cases, we have
obtained the relations between free energy (F ) and temperature (T+) of the grand canonical
and the canonical ensembles revealing the existence of the phase transition with the presence
of the charge. For both fixed potential and fixed charge, the maximum temperature and
the coupling λ of the thermalon transition containing two types of charges (QA one-form
and QB two-form) are lower than those found in the single charge framework. Interestingly,
adding more types of matter fields in higher-order gravity does not change the profile of
the phase transition. The inclusion of the charges in the gravitational phase transition is
comparable to that of the impurity substitution in condensed matter physics. However we
can go beyond a scope of the present work by adding realistic matter fields and considering
other modified gravity theories. New features of the gravitational phase transition emerging
from those new constitutions can be expected. Intentionally, we leave them for further
investigation.
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